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Roadmap

1 Probabilistic λ-calculus Λ⊕ and operational semantics J·K

2 Contextual equivalence (=cxt)

3 Labelled Markov Chain (LMC)

4 Probabilistic applicative bisimilarity (∼)

5 Probabilistic Nakajima trees [Leventis 18]

6 Full abstraction



Probabilistic λ-calculus Λ⊕ and operational semantics J·K
I Probabilistic λ-calculus Λ⊕:

M := x | λx .M | (MM) | M ⊕M
H := λx1 . . . xn.yM1 . . .Mm (head nf)

I Big-step approximation ⇓⊆ Λ⊕ ×D(HEAD):

M ⇓ ⊥
s1

x ⇓ x
s2

M ⇓ D

λx .M ⇓ λx .D
s3

M ⇓ D N ⇓ E

M ⊕ N ⇓ 1
2 ·D + 1

2 · E
s4

M ⇓ D {H[N/x ] ⇓ EH,N}λx .H ∈ supp(D)

MN ⇓
∑

λx .H ∈ supp(D)

D(λx .H) · EH,N +
∑

H ∈ supp(D)
H is neutral

D(H) · HN
s5

I Big-step semantics: JMK := sup{D |M ⇓ D}
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I Head reduction vs head spine reduction.

I Example:

(λx .x)y (λx .I)y I

(λx .x ⊕ I)y

y ⊕ I y

0.5

1

1

0.5 0.5

0.5

0.5

I Theorem:

∀M ∈ Λ⊕, ∀H ∈ HEAD, ∀n ∈ N : Probn
head [M,H] = Probn

spine [M,H].
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Contextual equivalence (=cxt)
I Contextual equivalence (=cxt):

M =cxt N iff ∀C
∑

JC[M]K =
∑

JC[N]K.

I Example: λx .(x ⊕ x) =cxt λx .x .

I Example: λz .z(Ω⊕ I) 6=cxt λz .(zΩ⊕ zI). If C , [·]∆ then:

(λz .z(Ω⊕ I))∆ I∗0.25

(λz .(zΩ⊕ zI))∆ I∗0.50

where I , λx .x , ∆ , λx .xx , and Ω , ∆∆.
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Labelled Markov Chain (LMC)
I Λhead

⊕ as a LMC:

M λx .H
. . .

λx .H ′

τ
p

τ
p′

λx .H H[M/x ]M
1

I Example: if T , λxy .x and F , λxy .y then:

∆⊕Ω

∆

. . . (T⊕ F)(T⊕ F) . . .

λy .T λy .F I

0.5 τ

1 T⊕F ......

0.25
τ

0.25 τ
0.50

τ
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Probabilistic applicative bisimilarity (∼)
I Probabilistic applicative bisimulation: R = equivalence relation such that

∀H
M
R {H ′ | H ′RH}

N

τ

p

τ
p

λx .H H[M/x ]

R R
λx .H ′ H ′[M/x ]

M
1

M
1

I Example: if fix , (λy .I⊕ yy)(λy .I⊕ yy) then λx .x ⊕ x ∼ fix, since:

λx .x ⊕ x I1
τ fix I1

τ

so R , {(λx .x ⊕ x , fix), (fix, λx .x ⊕ x)} ∪ {(N,N) | N ∈ Λ∅⊕} is bisimulation.

I Example: ∆ 6∼ I, since:

∆ (Ω⊕ I)(Ω⊕ I) I1
Ω⊕I

0.25
τ I (Ω⊕ I) I1

Ω⊕I
0.50
τ
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Probabilistic Nakajima trees [Leventis 18]
I Separation Theorem [Leventis 18]: M =cxt N implies PT (M) = PT (N).

I Böhm tree (BT ):

BT (λx1 . . . xn.yM1 . . .Mk) , λx1 . . . xn.y

BT (M1) BT (Mk)
. . .

I Probabilistic Nakajima tree (PT ):

PT (M) , ⊕

VT (H) VT (H ′)

p p′
. . .
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I Example: if H , λx .y(x ⊕ y) then PT (H ⊕Ω) is:

⊕

VT (λx .y(x ⊕ y))
0.5

0.5 0.5
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Full abstraction
I Theorem (Full abstraction): Let M,N ∈ Λ⊕. We have M ∼ N iff M =cxt N.

I Soundness (∼ ⊆ =cxt): from M ∼ N we have

⇒ ∀C , [·]L1, . . . , Ln , C[M] ∼ C[N] using [Dal Lago et al. 14]

⇒ ∀C , [·]L1, . . . , Ln ,
∑

JC[M]K =
∑

JC[N]K by definition

⇒ M =cxt N Context Lemma

I Completeness (=cxt ⊆ ∼): show that =cxt is a bisimulation

M
∀H =cxt {H ′ | H ′ =cxt H}

N

τ

p

τ
q

Separation Theorem [Leventis 18]: M =cxt N implies PT (M) = PT (N).
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Failure of full abstraction in the asymmetric case

I Theorem: Probabilistic applicative similarity (-) is sound but not complete
(hence fully abstract) with respect to contextual preorder (≤cxt).

I Counterexample: similar to [Crubillé&Dal Lago 2014]

M , λx .x(Ω⊕ I) vs N , λx .(xΩ⊕ x I)

I λx .x(Ω⊕ I) ≤cxt λx .(xΩ⊕ x I) by Context Lemma.

I λx .x(Ω⊕ I) 6- λx .(xΩ⊕ x I) by contradiction.
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Thank you!
Questions?



Probabilistic Applicative Similarity (PAS)

I Probabilistic applicative simulation: R = preorder relation such that

M X ⊆ HEAD
R R
N R(X )

τ
p

τ

p′≥p

λx .H H[M/x ]

R R
λx .H ′ H ′[M/x ]

M
1

M
1

I Probabilistic applicative similarity (PAS): ∼ = the “largest” simulation

M X ⊆ HEAD
- -

N -(X )

τ
p

τ

p′≥p

λx .H H[M/x ]

- -

λx .H ′ H ′[M/x ]

M
1

M
1
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Counterexample to the asymmetric full abstraction

λx .x(Ω⊕ I) 6- λx .(xΩ⊕ x I)

λx .x(Ω⊕ I) λx .xΩ λx .x I

I(Ω⊕ I) IΩ II

∞ I ∞ I

1 τ
0.5

τ 0.5
τ

1 I I1 I1

0.5
τ 0.5

τ 1 τ 1 τ
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